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CHAPTER 9

Analyzing and Comparing the
Geometry of Individual Fitness
Surfaces
Stephen F. Chenoweth, John Hunt, and Howard D. Rundle

9.1 Introduction

Evolutionary quantitative genetic theory integrates
two fundamental relationships: the individual fit-
ness surface, summarizing the pattern of covariance
between multiple traits and relative fitness, and
a variance-covariance matrix, G, that summarizes
the joint influences of additive genetic effects and
frequencies of segregating variants on phenotypic
variation (Lande 1979). The empirical study of indi-
vidual fitness surfaces, launched in part by Wright’s
(1931, 1932) concept of the fitness landscape, was
greatly stimulated by the classic contribution from
Lande and Arnold (1983). Their framework for
estimating linear and non-linear selection gradi-
ents using multiple regression provided an approx-
imation to the individual fitness surface that was
expressed in a common currency. The Lande and
Arnold (1983) approach has facilitated the estima-
tion and comparison of selection across species,
traits, and fitness components to the extent that over
a quarter-century on, we have an appreciation that
phenotypic selection is both relatively common in
nature (Hoekstra et al. 2001; Kingsolver et al. 2001)
and strong to the extent that it represents a signif-
icant proportion of the variance in fitness (Here-
ford et al. 2004). Phenotypic selection also tends to
vary spatially (Schluter 2000; Gosden and Svensson
2008), temporally (Siepielski et al. 2009, Chapter 7),
and often between the sexes (Cox and Calsbeek
2009, Chapter 8).

Empirical questions that demand characteriza-
tion of individual fitness surfaces range from
simply identifying the components of phenotypic

variation that mediate fitness differences and what
causes selection on these characters, to predicting
microevolutionary change. That variation in selec-
tion matters is also clear: changes in phenotypic
selection within and among groups have obvi-
ous implications for the tempo and direction of
trait evolution, the origins of phenotypic diversity
within (e.g. sexual dimorphism, distinct morpho-
types) and among populations/species (Schluter
2000; Coyne and Orr 2004), and the occurrence
of prolonged evolutionary stasis in many char-
acters (Estes and Arnold 2007; Chapters 14, 16).
Variation in phenotypic selection may also affect
other fundamental and related issues in evolution-
ary genetics including the maintenance of genetic
variance (Hedrick 1986; Gillespie and Turelli 1989;
Turelli and Barton 2004; Hedrick 2006), the evo-
lution of genetic architecture (Bulmer 1980; Turelli
1988; Kawecki 2000; Jones et al. 2004), the genetic
basis of adaptation (Bell 2010), and the homogene-
ity of Adaptive Landscapes (Arnold et al. 2001; see
also Chapter 12). Fitness surfaces and their varia-
tion are also central to quantifying the extent and
nature of maladaptation (i.e. adaptive inaccuracy;
Chapter 10).

Although the approaches for explicitly character-
izing selection are not new, their uptake by empiri-
cists in multivariate form has been relatively poor.
Wright (1935) appreciated the reality that selection
acts simultaneously on multiple rather than single
traits (Walsh and Lynch 2011) and more recently, the
value in considering microevolution as a multivari-
ate problem has been re-emphasized (Blows 2007;
Walsh and Blows 2009; Houle 2010). We suspect
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that the roadblock to the uptake of multivariate
analyses of selection by empiricists has in part been
due to their somewhat complex nature. Our goal
in this chapter is to provide an overview of sta-
tistical and geometric approaches available for the
multivariate analysis of phenotypic selection. Many
of the approaches we outline have been covered in
greater depth in other reviews (Phillips and Arnold
1989; Brodie et al. 1995), as have some of the finer
technical aspects that have arisen with their imple-
mentation (Mitchell-Olds and Shaw 1987; Blows
and Brooks 2003; Hereford et al. 2004; Stinchcombe
et al. 2008). With interest growing in their appli-
cation, we attempt to provide practical guidance
for issues arising along the way, and to highlight
areas where additional work is needed. First, we
develop the analysis of selection as an individual
fitness surface within a single population at a sin-
gle point in time. Second, we address the com-
parison of fitness surfaces between different types
of groups such as populations, sexes, or times.
Finally, we show two ways in which the multi-
variate geometry of fitness surfaces can be inte-
grated with quantitative genetic analyses to provide
additional insight, first with respect to understand-
ing the nature of genetic variance under selection
and second to provide a predictive framework for
characterizing phenotypic divergence in complex
phenotypes.

9.2 Analysis of the individual fitness
surface within a single population

9.2.1 Approximating the individual fitness
surface using multiple regression

While a variety of techniques exist to describe the
strength and form of selection within a population
(e.g. Crespi and Bookstein 1989; Kingsolver and
Schemske 1991; Brodie and Janzen 1996; Shaw and
Geyer 2010), the most widely used and influential
is the ordinary least-squares regression approach
of Lande and Arnold (1983) that provides the best
linear or quadratic approximation to the individ-
ual fitness surface. Following this approach, the
variance-standardized (∼ N(0,1)) phenotypic val-
ues of n continuous traits, zn, are regressed against
relative fitness, w, for a sample of individuals:

˘ = · +
n∑

i=1

‚i zi + ε (9.1)

where · is the intercept and ‚i represents the partial
regression coefficient for trait zi and ε is the random
error component. The partial regression coefficients
represent the standardized directional selection gra-
dients and they estimate the linear contribution of
a given trait to fitness when holding the effects of
all other traits being examined constant. The vector
‚, containing all ‚i values, therefore represents the
direction of the steepest uphill slope from the popu-
lation mean on the individual fitness surface (Lande
and Arnold 1983).

For non-linear selection, a separate second-order
regression model is fitted that includes quadratic
(z2

i i ) and cross-product (zi z j ) terms that together
constitute non-linear selection gradients:

˘ = · +
n∑

i=1

‚i zi +
n∑

i=1

1
2
„i i z2

i +
n∑

i=1

n∑

j=i+1

„i j zi z j + ε (9.2)

Although not interpreted, the linear terms are
included in this model to remove their influence
when examining how non-linear selection affects
the variances and covariances of traits (Lande
and Arnold 1983). The „i i coefficients quantify the
direct effect of non-linear selection on the traits
and therefore describe the curvature of the fit-
ness surface along the individual trait axes (Lande
and Arnold 1983). A positive „i i indicates concave
selection (i.e. curved upwards) and a negative
„i i indicates convex selection (i.e. curved down-
wards), and these can be interpreted as disruptive
and stabilizing selection respectively if a fitness
minimum/maximum occurs within the range of
observed trait values (Mitchell-Olds and Shaw
1987; Phillips and Arnold 1989). Importantly, the
implementation of equation 9.2 in most statistical
software packages underestimates the strength of
quadratic selection by a half and therefore it is nec-
essary to double the „ii coefficients to gain a true
representation of the curvature of the fitness sur-
face (Stinchcombe et al. 2008). The „ij coefficient
represents the direct effect of correlational selection
on the covariance between zi and zj that will, in
theory, favor traits becoming either positively (+ „)
or negatively (−„) correlated (Lande and Arnold
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1983; Cheverud 1984). Although much attention has
been given to the distinction between the „ii and
„ij coefficients, referred to respectively as quadratic
and correlational selection gradients, as we discuss
below this distinction may be somewhat artificial,
depending on how the original traits were defined
as opposed to some fundamental difference in the
geometry of the fitness surface (Walsh and Lynch
2011).

9.2.2 Analyzing non-linear selection through
canonical analysis

While the interpretation of linear selection oper-
ating on phenotypic traits is relatively straightfor-
ward, the interpretation of non-linear selection can
be more challenging. This is in part because, given n
traits, there are n(n + 1)/2 individual „ coefficients.
The interpretation of non-linear selection can be
simplified, however, through a canonical analysis of
the „ matrix (Phillips and Arnold 1989). A canon-
ical analysis rotates „ to define a set of new mul-
tivariate traits, similar to a principal components
analysis, that are aligned with the major axes of
non-linear selection on the fitted surface (Box and
Draper 1987). As „ is symmetric, the necessary rota-
tion can be located through matrix diagonalization
as (Phillips and Arnold 1989):

� = M„T M, (9.3)

where M is an orthogonal matrix whose columns
are the eigenvectors of „, normalized to unit length,
and � is a matrix with the eigenvalues (Î) of „ on
its diagonal (and zeros on all the off-diagonal ele-
ments) that describes the curvature of the fitness
surface. This rotation condenses non-linear selec-
tion onto the quadratic terms, with correlational
selection on the original traits now represented
as the relationships between these traits and each
eigenvector of M (Blows 2007). For example, large
loadings for two traits on a given eigenvector expe-
riencing strong non-linear selection indicates corre-
lational selection on the two original traits.

Writing Ë = MT‚ and y =MT z, equation 9.2 can
now be rewritten after canonical analysis as:

˘ = · +
n∑

i=1

Ëi yi +
n∑

i=1

1
2
Îi y2

i i + ε, (9.4)

This is referred to as the “A canonical form” of
the system (Box and Draper 1987). The Ëi terms
measure the slope of the surface from the ori-
gin (z̄ = 0) along the rotated axes described by the
transformed variables, yi . The signs of Îi deter-
mine the type of fitted quadratic surface and their
magnitudes describe its curvature (Phillips and
Arnold 1989). If all the Îi are negative then convex
(stabilizing) selection is operating on trait combi-
nations, suggesting a multivariate peak on the fit-
ness surface. Conversely, if all the Îi are positive
then concave (disruptive) selection is operating on
trait combinations and the fitness surface is best
described as a multivariate bowl. If there is a mix-
ture of positive and negative Îi , the fitness sur-
face will be a multivariate saddle. In each instance,
the larger the magnitude of |Îi |, the more curved
the fitness surface will be along that axis in trait
space.

Although not often done, the system can also be
placed in “B canonical form” (Box and Draper 1987)
by locating the stationary point on the surface (z0),
shifting the origin of the surface to it and then rotat-
ing the axes using the transformation: y =MT (z −
z0). This B canonical form transformation should
be used to characterize the system if a stationary
point is located within the phenotypic range of the
traits being examined (Phillips and Arnold 1989),
whereas the A canonical form should be used in
the absence of a stationary point (i.e. if the signs
of Îi are different), if the stationary point is outside
the range of traits being examined, or when linear
selection is strong relative to quadratic selection
(Phillips and Arnold 1989). Other than the removal
of the linear terms, the interpretation of Îi in form
A and B are identical (Box and Draper 1987; Phillips
and Arnold 1989). However, using the eigenvectors
in M, the original trait values can be placed into
canonical space and a y score can be determined for
each individual in the data set. Once in canonical
space, equation 9.4 can be used to estimate Ë and
Î for each of the major axes of the fitness surface,
as well as their standard errors, using the dou-
ble regression method of Bisgaard and Ankenman
(1996).

Despite the considerable advantages associated
with the canonical analysis of „ in aiding the inter-
pretation of non-linear selection, this technique has
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been considerably under-utilized in the literature
(Blows and Brooks 2003). This is problematic as
interpreting individual elements of „, rather than
the system as a whole, can seriously underestimate
the strength and importance of non-linear selec-
tion (Blows and Brooks 2003). For example, King-
solver et al.’s (2001) review of published estimates
of individual elements of „ tended to show that
non-linear selection, particularly stabilizing and
disruptive selection, were generally weak in natu-
ral populations. However, canonical analysis on a
subset of these studies shows that the largest eigen-
vector of „ (median Î = 0.55) was larger than the
largest quadratic coefficient for any individual trait
(median „ = 0.37) (Blows and Brooks 2003) indi-
cating, as expected, that selection generally targets
combinations of the traits that investigators choose
to measure (Blows 2007).

9.2.3 Testing the significance of selection
gradients and vectors of selection

Statistical analysis often has two discrete stages,
parameter estimation and significance testing, and
these may be based on different assumptions and
require different statistical procedures (Mitchell-
Olds and Shaw 1987). This is particularly true for
multiple regression-based selection analyses where
the response variable, relative fitness, may often
have a non-normal distribution (e.g. binary out-
comes like live/die), and the predictors them-
selves (i.e. the phenotypic traits) may also devi-
ate substantially from normality. While Lande and
Arnold (1983) demonstrated that their least-squares
approach can be used to estimate selection gradi-
ents irrespective of the underlying distribution of
fitness or phenotypic traits, it is not always appro-
priate to test the statistical significance of these gra-
dients using this approach.

A variety of different parametric and non-
parametric statistical approaches can be used to
circumvent this issue and have been discussed in
detail elsewhere. If relative fitness is a binary mea-
sure (e.g. survived vs. died, mated vs. unmated) or
a count (e.g. number of offspring), in some cases
the normal distribution may provide a sufficient
approximation (e.g. if sample sizes are large and
the probability of either outcome is roughly equal

(Zar 1984)). However, a preferable alternative is
to employ a generalized linear model that uses a
link function with an appropriate distribution (e.g.
binomial, Poisson); for example a logistic regres-
sion (Mitchell-Olds and Waller 1985; Janzen and
Stern 1998) or probit analysis (Price 1984). Such
models are generally fit using maximum likelihood
(ML) with significance determined using a likeli-
hood ratio test.

Alternative approaches under deviations from
normality include non-parametric resampling tech-
niques such as the jacknife or bootstrap meth-
ods (Wu 1986; Mitchell-Olds and Shaw 1987;
Manly 1997). A particularly useful non-parametric
approach for testing the significance of selection
gradients is to employ a permutation test (Manly
1997), where real point estimates of the gradients
are estimated for the data (‚test) and compared to
those when fitness is shuffled across individuals in
the data set (‚random) using Monte Carlo simulation
(see Brooks et al. (2005) for an application of this
approach). For each phenotypic trait, the number
of times that ‚random exceeds ‚test is determined and
expressed as a proportion (p) of the total num-
ber of iterations, which can be used to determine
the significance of each selection gradient (Manly
1997).

The permutation test can be used to test the sig-
nificance of linear and non-linear selection along
the eigenvectors of M using the “double regres-
sion” method (Bisgaard and Ankenman 1996). Even
though canonical analysis minimizes the effects of
correlational selection, a full model (including cor-
relational terms) must be fitted to test the signifi-
cance of Î values using this approach (Bisgaard and
Ankenman 1996). Reynolds et al. (2010) recently
showed that the double regression method for
testing the significance of Î may actually lead to
high false positive rates when testing against the
null hypothesis of no selection (i.e. Î = 0). This
means that the null expectation of the individual
eigenvalues being equal to zero will only occur
if the variance of the non-linear selection gradi-
ents is equal to zero, which will only occur when
the sample sizes approach infinity. Thus canoni-
cal analysis can suggest curvature on the fitness
surface when the eigenstructure of „ actually only
reflects random error. The extent of non-linear
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selection is therefore likely to be over-estimated
by the double-regression approach (Reynolds et al.
2010).

To correct this problem, Reynolds et al. (2010)
developed a permutation test (and accompanying R
code) that maintains the correct type I error rate. In
this procedure, fitness is randomly shuffled against
trait values and a new canonical analysis is per-
formed prior to fitting the second regression model.
This approach creates a null distribution of selec-
tion gradients taken from a population with no
association between trait and fitness. Crucially, this
test concerns the existence of particular ordered
eigenvalues in M, defined not by the vectors of
selection themselves but their relative rank in size
compared with other eigenvalues. Consequently,
the same eigenvectors, and therefore specific com-
binations of phenotypic traits, will not necessar-
ily be tested at each iteration. If one is interested
in a specific vector of selection, this test is inap-
propriate because it violates the assumption that
all permutations within a series are exchangeable
under the null hypothesis. It is, however, a valid
test of the overall strength of non-linear selection.
This contrasts with the double regression approach
(Bisgaard and Ankenman 1996) in which the sig-
nificance of an eigenvalue corresponding to a spe-
cific eigenvector of M is being tested. In practice,
careful consideration should be paid as to which
hypothesis is of interest and that it is tested appro-
priately. Questions like “Is there significant non-
linear selection occurring overall?” can be answered
using the Reynolds approach. However, questions
such as “Does a specific linear combination of origi-
nal traits experience more non-linear selection than
expected by chance?” require a different approach.
In this case it is necessary to adapt the permutation
procedure of Reynolds et al. (2010) to hold a specific
eigenvector constant and generate a null distribu-
tion of selection coefficients relating specifically to
that vector under the null hypothesis of no associ-
ation between trait and fitness. Note that similar
issues surrounding violation of the exchangeabil-
ity assumption in permutation tests have recently
been addressed within the context of tests of the
dimensionality of genetic and phenotypic variance-
covariance matrices (Hine and Blows 2006; Pavlicev
et al. 2009).

9.2.4 Issues and caveats

In addition to the issues just outlined with respect to
statistical tests of selection gradients, approximat-
ing the fitness surface using ordinary least-squares
carries with it a number of assumptions and poten-
tial caveats. Here we provide an overview of those
that we consider particularly pertinent. Taken col-
lectively, these issues highlight the fact that because
conventional selection analyses are correlative, they
should always be interpreted with a degree of
caution and, whenever possible, be supported by
manipulative experiments.

Selection is most often estimated using stand-
ing phenotypic variation in a population, which
can result in two statistical issues: multicollinearity
among the traits and the infrequent occurrence of
rare phenotypes. In the context of a selection anal-
ysis, multicollinearity occurs when the phenotypic
traits being examined are highly correlated. Multi-
collinearity can be detected using the variance infla-
tion factor (VIF) and, while its presence does not
alter the overall significance or explanatory ability
of model (i.e. R2), it makes the estimates of the indi-
vidual selection gradients unreliable (Mitchell-Olds
and Shaw 1987). Multicollinearity is best dealt with
by one of two approaches that reduce or eliminate it
either via a rotation of the original phenotypic trait
axes or by the removal of one or more traits from
the analysis. Although principal components anal-
ysis has often been used in the former approach, a
canonical rotation may be preferable in the case of
non-linear selection because the canonical axes are
extracted specifically to identify the multivariate
phenotypes targeted by selection. Principal compo-
nents, in comparison, are not and may therefore
diffuse the true targets of selection across multiple
new traits (Shaw and Geyer 2010; Walsh and Lynch
2011). With respect to the latter approach, the tar-
geted removal of traits based on VIFs may alleviate
multicollinearity, although more formal techniques,
such as model selection via information-theoretic
criteria (e.g. Akaike’s information criterion), may
also be useful in this respect and provide the addi-
tional benefit of a greater reduction in the number
parameters being estimated (Shaw and Geyer 2010).

Selection is expected to remove rare, low fitness
phenotypes from the population. Selection analyses
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that rely on phenotypic variance therefore often
suffer from a suboptimal coverage of phenotypic
space, with few or no individuals of certain phe-
notypes and numerous individuals of others. This
can both reduce the statistical power to infer selec-
tion and bias the results via rare outliers. This
can be addressed via two types of manipulations,
both of which increase trait variance (See Fig. 9.1).
The first involves “natural” manipulations such as
altered diet (Anholt 1991), changes in maternal pro-
visioning (Svensson and Sinervo 2000), hybridiza-
tion (Schluter 1994), or others that serve to increase
the frequency of otherwise rare phenotypes. Such
manipulations, however, do not typically break trait
covariances and also have the potential to directly
impact organismal performance, necessitating care-
ful controls. The second form of manipulation
involves the construction of synthetic phenotypes.
While this is may not be possible in all systems,
it is moderately straightforward for some, such
as acoustic traits (see Box 9.1 Brooks et al. 2005;
Bentsen et al. 2006; Gerhardt and Brooks 2009). In
addition to improving phenotypic coverage, such
manipulations can also reduce any multicollinear-
ity among traits, providing experimental (instead
of simply correlative) evidence for the targets of
selection. The latter is important because selection
gradients from observational studies alone can be
strongly influenced by selection on unmeasured
traits (Mitchell-Olds and Shaw 1987) or by envi-
ronmentally induced covariances between traits
and fitness (Mitchell-Olds and Shaw 1987; Rausher
1992; Stinchcombe et al. 2002). The latter issue can
also be dealt with by estimating genotypic selec-
tion (i.e. selection on breeding values, Stinchcombe
et al. 2002), although this is best done by estimating
the genetic correlation between a trait and fitness
within a single quantitative genetic model (Had-
field et al. 2010).

Finally, it is widely acknowledged that, while
multivariate regression provides the best linear or
quadratic approximation of the true fitness sur-
face (Lande and Arnold 1983; Phillips and Arnold
1989), it has the potential to be misleading if the
true surface takes a more complex form involv-
ing, for instance, multiple peaks or valleys (Schluter
and Nychka 1994). The common approach to deal
with this is to visualize the fitness surface via a

non-parametric approach that does not constrain it
to conform to any particular mathematical shape.
Such approaches include the cubic or thin-plate
spline for one or two traits respectively (Schluter
1988; Green and Silverman 1994; Blows et al. 2003),
and for more than two traits projection pursuit
regression can be used to identify cross-sections of
the surface in the directions of the strongest selec-
tion, allowing its visualization in reduced form via
splines (Schluter and Nychka 1994). While such
techniques provide a flexible approach to visual-
izing the geometry of fitness surfaces, they suf-
fer two disadvantages. First, the ruggedness of a
spline is determined by the value of the smoothing
parameter Î that minimizes the generalized cross-
validation (GCV) score (Craven and Wahba 1979).
Unfortunately, in practice substantial subjectivity
in the choice of Î often remains after this proce-
dure, which can result in very different surfaces
being produced. Second, selection gradients cannot
be obtained from such surfaces so they cannot be
used to predict evolutionary responses (Lande and
Arnold 1983).

9.3 Comparing fitness surfaces among
groups

Despite substantial attention being given to charac-
terizing the strength and form of phenotypic selec-
tion in nature, we know much less about how
and why it varies, in particular with respect to
multivariate fitness surfaces (Arnold et al. 2001;
Punzalan et al. 2010). Variation in selection may
be spatial (i.e. among geographic populations; e.g.
Arnqvist 1992; Gosden and Svensson 2008; Rundle
et al. 2008), temporal (i.e. across time within a popu-
lation, Box 9.2, Siepielski et al. 2009, Chapter 7), or it
may involve different classes of individuals within
a population (e.g. males and females, juveniles and
adults, Schluter and Smith 1986; Chenoweth and
Blows 2005). Selection may also vary among treat-
ment levels in an experiment (e.g. Rundle et al.
2009). Although a diverse range of possible group
types exist among which selection may vary, in each
case we require a set of statistical techniques with
which to formally compare the geometry of selec-
tion surfaces among them and to characterize any
differences that exist. In contrast to the large body



OUP CORRECTED PROOF– FINAL, 3/5/2012, SPi

132 PART I I I APPL ICATIONS: MICROEVOLUTION, QUANTITATIVE GENETICS, AND POPULATION BIOLOGY

Trait 1 

(a) 

(c) (d) 

Tr
ai

t 2
 

cba

(b) 

Trait 1 
Tr

ai
t 2

 

Figure 9.1 Using phenotypic manipulation to study selection. A particularly challenging aspect to the measurement of selection is that because selection
has already shaped the distribution of traits, extreme phenotypes are rare and may therefore contribute little information. A further complication is that
traits are often highly correlated leading to multicollinearity (see text). Two types of phenotypic manipulations can be used to address these issues. (a)
Natural manipulations can be used to either decrease (a, open symbols) or increase (c, gray symbols) the size of the traits relative to the un-manipulated
mean (b, closed symbols). This approach increases the frequency of rare phenotypes in the population, and may or may not alter the covariance structure
between different traits. (b) Synthetic phenotypes can also be constructed by sampling phenotypes from a known distribution and re-assembling them at
random. This approach not only increases the frequency of rare phenotypes but also breaks the natural pattern covariance between traits that generates
multicollinearity. (c) Hatchling size variation in the side-blotched lizard (Uta stansburiana) that results from a natural manipulation of egg volume (photo
courtesy of Erik Svensson). Removing contents of the egg with a syringe reduces offspring size; Svensson and Sinervo (2000) used this approach to show
that natural selection on egg size differs with the intensity of competition. (d) A male gray treefrog (Hyla versicolor) producing an advertisement call to
attract females to mate (photo courtesy of Joshua Schwartz). Gerhardt and Brooks (2009) produced synthetic calls that varied in five call parameters (pulse
rate, pulse number, call period and low and high peak frequency) using specialist acoustic software. These five call parameters were sampled from a natural
distribution and re-assembled at random to produce a synthetic call. Each synthetic call was then played back to females in a mate choice arena, in
competition against a standard call with mean call parameters for the population. This approach enabled Gerhardt and Brooks (2009) to show that female
mate choice exerted both directional and stabilizing sexual selection on male call structure.
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Box 9.1 Multivariate stabilizing selection on call structure in the field cricket,
Teleogryllus commodus

Like most orthopterans, males of the Australian black field
cricket, Teleogryllus commodus, produce an
advertisement call that they broadcast to attract a mate.
This characteristic of the mating system has seen field
crickets become an important model for the evolution of
female choice, as well as the structure of the male acoustic
signals that females target (Greenfield 2002). Despite this,
very few studies have actually quantified the strength and
form of multivariate sexual selection imposed on male calls
by female mate choice. In fact, the majority of studies have
taken a univariate approach to measuring selection where
one component of the call is varied, while all other
components are held constant. This approach ignores the
natural pattern of covariance that exists between different
call components; likely a result of the fact that the same
fixed structures on the male forewing produce the call
during stridulation. Furthermore, most studies taking this
univariate approach only use dichotomous treatments (i.e.
high versus low frequency) meaning they can, at best, only
detect the operation of linear selection (Hunt et al. 2009)
even though non-linear selection on male call structure may
be expected due to constraints imposed by the female
neurosensory system (Ryan and Wilczynski 1988; Ryan
et al. 1992; Greenfield 2002).

To examine the strength and form of sexual selection
operating on male call structure in T. commodus, Brooks
et al. (2005) used a manipulative study. They started by
measuring the call structure of 15 males and used this to
estimate the mean and standard deviation for five
individual call components (Fig. 9.2). Each of the individual
call components were then sampled at random from their

natural distribution and reformed (at random) to produce
300 unique calls where the call components were
uncorrelated (i.e. no multicollinearity) and the full range of
phenotypic space was covered. Four separate virgin females
were then tested to each call in a series of binary choice
trials where the focal call was tested against a control call
that consisted of the mean call components in the
population.

a b b b

c d

Figure 9.2 Schematic representation of the advertisement call of
Teleogryllus commodus. Each call consists of a chirp (a) followed by one
or more trills (b) in this species. Brooks et al. (2005) experimentally
manipulated the number of pulses (CPN), the duration of the interval
between pulses in the chirp (CIPD, c), the number of trills (TN), the
intercall duration (ICD, d) and the dominant frequency of the call (DF,
not shown). All other aspects of the call were held constant. Redrawn
from Brooks et al. (2005), with permission from John Wiley and Sons.

Multivariate selection analysis (Lande and Arnold 1983)
was then conducted, based on a bootstrap re-sampling
method to account for the fact that each call was tested
using multiple females, to estimate the vector of linear
selection gradients (‚) and matrix of non-linear selection
gradients („) estimated (Table 9.1). Visual inspection of the
„ matrix reveals that it is difficult to determine the overall

Table 9.1 The vector of standardized linear gradients (‚) and the matrix of standardized quadratic and correlational selection gradients („) for male
call structure components in T. commodus. Note that the quadratic gradients were not doubled in the original study but have been done so here. The
significance of selection gradients were tested using permutation test with 9999 iterations (see text): ∗P <0.05, ∗∗P <0.01, ∗∗∗P <0.001

„

‚ CPN CIPD TN ICD DF

CPN 0.007 0.012

CIPD –0.003 0.017 –0.012

TN 0.015 0.019 0.039 –0.080

ICD –0.214∗ ∗ ∗ –0.022 –0.036 0.086∗ –0.160∗∗
DF 0.059 0.024 –0.031 0.041 –0.013 –0.094∗

Continued
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Box 9.1 (Continued)

Table 9.2 The M matrix of eigenvectors derived from the canonical analysis of „. The linear (Ëi) and quadratic (Îi) gradients of selection acting along
these eigenvectors are provided in the last two columns. We tested the significance of selection along these eigenvectors using a permutation test
based on the double regression method of (Bisgaard and Ankenman 1996) but note that the results were qualitatively the same when the permutation
test of Reynolds et al. (2010) was used. Randomization test: ∗P <0.05, ∗∗P <0.01, ∗∗∗P <0.001

M Selection

CPN CIPD TN ICD DF Ëi Îi

m1 0.800 0.497 0.305 −0.057 0.130 0.028 0.035

m2 −0.446 0.806 −0.001 −0.091 −0.377 −0.017 −0.003

m3 −0.302 0.003 0.776 0.500 0.240 −0.082 −0.019

m4 −0.257 0.208 −0.102 −0.405 0.846 0.144∗∗∗ −0.108∗∗

m5 0.068 0.244 −0.543 0.758 0.258 −0.160∗∗∗ −0.240∗∗∗
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Figure 9.3 Thin-plate spline perspective view visualization of the
fitness surface on the two major axes of non-linear selection, m4 and
m5. The thin-plate spline was estimated using the Tps function in R
(version 9.2.1), using the value of the smoothing parameter, Î, that
minimized the GCV score. Redrawn from Brooks et al. (2005), with
permission from John Wiley and Sons.

pattern of sexual selection operating on male call structure,
as a mixture of positive and negative quadratic and
correlational gradients exist. However, canonical analysis of
„ provides a clear pattern of multivariate stabilizing sexual
selection operating on male call structure, with 4 of the 5
eigenvalues (including the two with statistically significant
selection) being negative (Table 9.2). This can be visualized
in Fig. 9.3 that presents the thin-plate spline for the two
major axes of non-linear sexual selection on call structure.

Brooks et al. (2005) then tested the prediction that, in
the absence of frequency-dependent selection, the
population mean phenotype should evolve uphill towards
the peak of the fitness surface (Simpson 1953; Lande 1979;
Lande and Arnold 1983). In order to test this prediction, it
was necessary to calculate the stationary point on the
individual fitness surface (Fig. 9.3), as well as the
confidence region for this point, and then determine
whether the population mean call structure resides within
this confidence region. The stationary points on the major
axes of non-linear sexual selection were estimated at 1.44
and –0.67 for m4 and m5, respectively, by differentiating
the equation for the rotated fitness surface (Phillips and
Arnold 1989) (Fig. 9.4a). The 95% confidence region for
this surface was also estimated using the algebraic
formulation of Box and Hunter (1954), implemented in the
MAPLE software package provided by Del Castillo and
Cahya (2001) (Fig. 9.4b).

Visual inspection of Fig. 9.4 reveals two important
points. First, there is clear evidence that, for all four
treatments, the mean call structures of males from this
population reside in close proximity to the stationary point
of the fitness surface (Fig. 9.4a) and within the 95%
confidence region of this stationary point (Fig. 9.4b). In
fact, the call structure of males from four independent
samples from this population (three different dietary
regimes and wild caught males) were all within half a
standard deviation from the stationary point and MANOVA
shows that they do not differ significantly along these two
dominant eigenvectors comprising the fitness surface (m4

and m5). This therefore provides strong evidence for the
prediction that male call structure has converged on the
peak of the fitness surface in this population. Second,
despite mean call structures being aligned with the peak of
the fitness surface, there was still considerable individual
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Figure 9.4 (a). Thin-plate spline contour map visualization of the fitness surface on the two major axes of non-linear selection, m4 and m5 showing
the distribution of artificial call structure values on which the surface is based (+) and the mean call values of the four independent samples of males
(wild caught males Î, high protein diet , medium protein diet ı and low protein diet ). (b) The Box-Hunter (1954)) conditional 95% confidence region
(shaded area) for the position of the stationary point on the fitness surface and the mean call values of the four independent samples of males.
Redrawn from Brooks et al. (2005), with permission from John Wiley and Sons.

variation in male call structure with numerous males from
each of the four samples falling outside the 95%
confidence region of the stationary point (Fig. 9.4b). This
suggests that males are not necessarily constrained to this

area of the fitness surface. It is also in agreement with
Mitchell-Olds and Shaw’s (1987) definition of “true”
stabilizing selection where the stationary point of the
fitness surface exists within the range of phenotypic data.

Box 9.2 Temporal variation in selection in harlequin bugs

The native Australian harlequin bug, Dindymus
versicolor, is a pest of fruit crops but also an ideal system
to study selection in the wild because pairs remain in
copula for up to 3 days. To examine temporal variation in
sexual selection on male morphology, one of us (J. Hunt)
collected random samples of 138, 141, and 130 males from
three different times during the breeding season. Males
were scored as to whether they were in copula at the time
of collection (1 vs. 0 for mated or not) and subsequently
measured for four morphological traits: antenna length,
head length, elytra width, and body mass (Fig. 9.5). Prior to
analyses, body mass was ln-transformed and five
individuals were removed as multivariate outliers. Within
each time, traits were standardized (∼ N(0,1)) and mating

success was transformed to a relative measure (by dividing
each score by the mean for that time period). Standardized
linear selection gradients were then estimated via
least-squares separately within each sampling time
(Table 9.3) and likelihood ratio tests comparing a full
generalized linear model with a reduced one lacking the
four traits (performed using the GENMOD procedure with a
logistic link function in SAS v. 9.2) revealed that linear
sexual selection was highly significant overall in all three of
the sampling times (d.f. = 4, P < 0.0001 in each case)
and explained a remarkable 56.0–73.5% of the variance in
male mating success (r2

adjusted). Because the three sampling

Continued
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Box 9.2 (Continued)

Figure 9.5 Male Dindymus versicolor. Depicted are two of the traits
measured: head length and elytra width. Not shown are antenna length
(total length after being removed from the animal and straightened
using dissecting pins) and body mass.

times constitute a random draw from the population of
possible times during the breeding season, among-group
variation in selection was tested using a first-order
multi-trait random regression (with the traits standardized
globally across times and using the absolute mating scores).
Significance of the dominant axis (i.e. first eigenfunction) of
the covariance matrix of random regression coefficients was
tested using factor analytic modeling as implement in the
MIXED procedure of SAS (Hine and Blows 2006; McGuigan
et al. 2008). The intercept was included as a random effect
in both models when conducting this likelihood ratio test,
thereby accounting for any variance in the copulation rate
among times. This dimension approached statistical

significance although did not achieve it at the standard
· = 0.5 level (likelihood ratio test; ˜2 = 7.60, d.f. = 4,
P = 0.107), providing weak evidence at best for
among-sample variation in linear sexual selection on these
traits. While it is possible that selection varies little
temporally, low power from minimal replication (i.e. only
three sampling times) likely also contributes to this
non-significant result, demonstrating the empirical
challenge of making statistically robust inferences with
respect to random group effects.

In contrast to a random effect, if these samples
represented three particular times of interest that would be
sampled again should the study be repeated, and inference
was to be restricted to these three times, they would
constitute a fixed effect. As an example of such an analysis,
a categorical group effect term representing sampling time
was added to the standard first-order polynomial regression
model estimating linear sexual selection, along with the
four trait × sampling time interactions. The fit of this model
was compared to a reduced model lacking these four
interaction terms via a likelihood ratio test (as implemented
using the GENMOD procedure with a logistic link function
in SAS). Linear sexual selection on these four traits varied
significantly overall among these three samples
(˜2 = 17.13, d.f. = 8, P = 0.029), although in the
absence of replicate selection estimates within each time,
sampling error is confounded with any time effect and these
cannot be separated. Note that none of the individual trait
× sampling time interactions were significant in isolation,
although antenna length × sampling time approached so
(Table 9.3). This is not unusual and simply indicates that the
trait vector along which selection differs the most among
samples is a composite (i.e. linear combination) of the
measured traits. To characterize the differences in selection
in trait space, a 4 × 4 symmetrical inter-group (co)variance
matrix (B) was calculated from the standardized selection
gradients within each population. The first eigenvector of B
(bmax) explained most (81.3%) of the among-group
variance in sexual selection and represented a trait

Table 9.3 Vectors of linear sexual selection on four traits in male harlequin bugs as estimated during three separate times during the breeding
season, with significance as determined from a generalized linear model. Also shown is the significance of the among-group variation in selection
for each trait from a fixed effect analysis and the first eigenvector of the among-group variation in trait space (bmax)

‚sampling period (P) Fixed effect

Trait ‚1 ‚2 ‚3 P (trait × group) bmax

antenna length 0.422 (<0.001) 0.300 (0.004) 0.245 (<0.001) 0.075 –0.509

head length 0.207 (<0.001) 0.189 (0.008) 0.427 (<0.001) 0.111 0.771

elytra width –0.108 (0.083) –0.022 (0.455) 0.004 (0.635) 0.483 0.347

ln(body mass) 0.314 (<0.001) 0.226 (<0.001) 0.333 (<0.001) 0.978 0.163
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combination that contrasted antenna length with head
length and to a lesser extent, the other two traits (Table
9.3). Why selection may vary most temporally on this trait is
a topic for further study. To characterize differences in
selection in group space, a similarity matrix of vector
correlations was assembled from the standardized selection
gradients. Vector correlations were high, ranging from

0.865 to 0.987. The first eigenvector of this matrix
accounted for the majority (94.9%) of the among-group
variance in sexual selection and had almost identical
loadings for all three groups (first eigenvector: [0.579 (time
1), 0.589 (time 2), 0.564 (time 3)]), indicating that the
three sampling times contribute roughly equally to a single
axis along which selection differs among these groups

of statistical literature surrounding the estimation
and analysis of fitness surfaces within populations,
surprisingly little attention has been given to this
topic.

9.3.1 Testing among-group variation

A key issue in any statistical comparison of fitness
surfaces among groups is whether the groups rep-
resent fixed or random effects. This is not always
straightforward and confusion persists around this
topic in general (Littell et al. 1996). A statistical
effect is fixed if the chosen levels represent all levels
of interest of the factor. Inference for fixed effects
concerns the mean responses at the various fac-
tor levels and cannot be extrapolated to levels not
included in the study. Also, if the study were to
be repeated, the same levels of the fixed factor
would normally be used. An effect is random if
the chosen levels represent a random sample drawn
from a larger population of potential levels. Ran-
dom effects are also exchangeable, meaning that
any set of levels from the larger population of infer-
ence could have been used in the study. With a
random effect, the inference is about the variance
of the underlying population (e.g. the among-group
variance).

Fixed groups
When groups are a fixed effect, variation in
selection among them can be tested using a
sequential model-building approach for response
surface designs (Draper and John 1988; Chenoweth
and Blows 2005). The approach is straightforward
and entails adding a categorical term representing
the group effect to the first-order multiple regres-
sion used to estimate selection, with the group
× trait interactions testing whether selection on
the trait in question varies among groups. For

linear selection, the model essentially becomes an
ANCOVA:

w = ‚0 + G +
n∑

i=1

‚i zi +
n∑

i=1

·i zi G + ε, (9.5)

where w is an individual’s relative fitness, ‚0 is
the intercept, G is the group effect (not to be con-
fused with the genetic variance-covariance matrix
G), zi refers to value of the ith trait, n represents
the number of traits, and ε is unexplained error.
The partial regression coefficients, ‚i , represent the
linear selection gradients on the n traits and the
·i zi G interaction term allows selection to vary
among groups. For multiple traits, the fit of this
full model can be compared with that of a reduced
model lacking the ·i zi G interaction terms, provid-
ing a test of whether the model that includes the
group structure is a better fit to the data than the
reduced model. This is equivalent to a single overall
test for variation in the fitness surface and can be
done by fitting the models via least squares and
then employing a partial F -test (Bowerman and
O’Connell 1990.) to compare the unexplained sums
of squares (SSE) from the two models:

Fa ,b =
SSEreduced − SSEcomplete/a

SSEcomplete/b
, (9.6)

where a is the difference in the degrees of free-
dom between the complete and reduced models
(note that this is not equal to the number of terms
that differ between the two models when there are
more than two group levels) and b is the degrees
of freedom for SSEcomplete. An alternative approach
for unbalanced data is to fit the models via max-
imum likelihood (ML) and then use a likelihood
ratio test to compare them. In this case, the differ-
ence in −2(log likelihood) values of the two models
is ˜2 distributed with degrees-of-freedom equal to
the difference in the number of model parameters
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between the full and reduced models. Note that
when models differ in their fixed effect structure
such as these, ML and not restricted maximum like-
lihood (REML) must be used when comparing them
(Pinheiro and Bates 2000). This is because REML
essentially performs a ML estimation of the trans-
formed data and altering the fixed effect structure
changes this transformation (Littell et al. 1996). The
use of information-based metrics like Akaike’s or
Schwarz’s criteria does not circumvent this problem
because these are based on the −2(log likelihood)
values.

For non-linear selection, the approach is analo-
gous and involves adding a term representing the
fixed effect of group to the second-order multiple
regression used to estimate the fitness surface:

w = ‚0 + G +
n∑

i=1

‚i zi +
n∑

i=1

·i zi G

+
n∑

i=1

n∑

j=1

„i j zi z j +
n∑

i=1

n∑

j=1

·i j zi z j G + ε. (9.7)

Here, the ·i j zi z j G terms allow non-linear selection,
including both quadratic and correlational selec-
tion, to vary among groups. Again, a single over-
all test for variation in the fitness surfaces among
groups involves comparing the fit of this full model
to one lacking the ·i j zi z j G terms via either a par-
tial F or likelihood ratio test. Linear selection is
allowed to vary among groups in both the full
and reduced model (i.e. the ·i zi G terms remain),
meaning that it is the additional contribution of
variation in non-linear selection alone that is being
tested. Any combination of nested models may be
compared via partial F or likelihood ratio tests,
for example a full model allowing linear and non-
linear selection to differ among groups could be
compared to a reduced one in which both form of
selection are invariant, thereby providing a single
test for among-group variation in total selection. It
is also possible to separately test for variation in
quadratic and correlational selection among groups
(e.g. Chenoweth and Blows 2005), although as dis-
cussed earlier, the distinction between these may
be somewhat arbitrary and depend more on how
the traits are defined as opposed to representing
some fundamental difference in the geometry of the

fitness surfaces. Although not directly indicated by
our notation in equation 9.7 because it does not
affect the significance of tests for group-based dif-
ferences, if one wishes to produce quadratic selec-
tion gradients as per equation 9.2, a coefficient of
1/2 will apply to the quadratic terms. More complex
linear models are possible in theory, although with
multiple traits and numerous interactions, a loss of
degrees-of-freedom may become an issue. Also, if
relative fitness is non-normally distributed, gener-
alized linear models can be fit using ML (see section
9.2.3) and likelihood ratio tests can be performed as
described above.

Random groups
When groups are a random effect, random coef-
ficient mixed models (a.k.a. “random regression”)
can be employed to model variation in selection
among groups. This can be viewed as an exten-
sion of the ANCOVA-based approach above in
which the regression coefficients for the continuous
covariates (i.e. the selection gradients on the traits)
are not assumed to be fixed effects but rather to rep-
resent a random sample from a population of possi-
ble coefficients (Littell et al. 1996). The multivariate
random coefficient model for testing for variation in
selection among groups can be written as:

w = ‚0 + Xb + ‰
(G) + ε, (9.8)

where w, a column vector of the individual fit-
ness scores, is modeled as a function of the fixed
effect intercept (‚0) and group-wide regression coef-
ficients (b) for the set of continuous traits (X).
‰(G) represents the random effect (co)variances in
these regression coefficients among groups and is
assumed to be normally distributed with a mean
of zero and variance Û2. The model can be fit via
REML and a likelihood ratio test can be used to
compare it with a restricted model. In the case of a
single trait, the restricted model would be one lack-
ing the ‰(G) term, thereby testing the significance
of the among-group variance in the regression
coefficients. For a multi-trait model, the random
regression coefficients form a covariance matrix
and hypothesis testing must focus on its domi-
nant axes (termed eigenfunctions, Meyer and Kirk-
patrick 2005; McGuigan et al. 2008). There are vari-
ous ways to do this, a straightforward one of which
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employs the factor analytic modeling approach
implemented in the MIXED procedure of SAS (SAS
Institute, Cary, NC). Via factor analytic modeling,
reduced rank covariance matrices can be specified
at the group level and compared via a series of
nested likelihood ratio tests (McGuigan and Blows
2007). Of fundamental interest is the significance of
the first eigenfunction representing the single trait
combination having the greatest among-group vari-
ance in directional selection, thereby providing a
test for among-group variance in selection. For non-
linear selection, a quadratic version of this model
would include the group-wide quadratic regression
coefficients as fixed effects along with the random
effect (co)variances in these regression coefficients
among groups. However, a multi-trait quadratic
random coefficient model has, to our knowledge,
not been applied before in such a context and this
is therefore an area in need of development.

When relative fitness does not have a normal
distribution, a generalized linear mixed model may
be employed. However, as likelihood calculations
can be slow or sometimes impossible in such
models, they are normally fit using an approxima-
tion of the true likelihood (e.g. pseudo- or penal-
ized quasi-likelihood, Laplace approximations, or
Markov chain Monte Carlo algorithms). This com-
plicates model comparison because likelihood ratio
tests are generally not possible. Although model
estimation and comparison can be a challenging
endeavor, generalized linear mixed models provide
a flexible approach for analyzing non-normal data
when random effects are present. The application of
such models in ecology and evolution is therefore a
topic of active development (Bolker et al. 2009) and
recent software packages aim to make the flexibility
of such analyses more widely accessible (e.g. Had-
field 2010).

9.3.2 Characterizing among-group
differences

Given statistically significant differences in selec-
tion among groups, it may be of interest to then
explore how the fitness surfaces differ. Two distinct
approaches are possible that characterize the differ-
ences in either trait (i.e. phenotypic) or group space.
The former is well grounded in quantitative genetic

theory (e.g. see section 9.4) whereas the latter is not,
although the goal here is to interpret statistically
demonstrated differences and not to make predic-
tions. The general approach is the same for each:
a symmetrical matrix is created that characterizes
variation in selection gradients either among traits
(trait space) or among groups (group space) and
then the structure of this matrix explored to provide
insight into how selection varies.

Trait space
Generalizing from Zeng (1988) and see Chenoweth
et al. (2010), variation among groups in the slopes
of the individual fitness surfaces, represented by
the vector of directional selection gradients (‚) on
the n traits within each group, can be characterized
by the n× n symmetrical inter-group (co)variance
matrix B. The diagonal elements of B represent the
variances among groups in the directional selection
gradients on each of the n traits and the off-diagonal
elements represent the covariances of directional
selection gradients among groups for each bivari-
ate trait combination. Diagonalization of B yields
a set of eigenvalues and eigenvectors that describe
its major axes (i.e. principal components), provid-
ing insight into the structure of among-group vari-
ation in multitrait space. The first eigenvector of
B, for example, describes the single composite trait
(i.e. linear combination of original traits) for which
directional selection differs the most among groups,
or in other words, on which divergent selection
is strongest. Subsequent eigenvectors explain pro-
gressively less of the among-group variance in
directional selection. The dimensionality or rank
of this matrix refers to the number of positive
eigenvalues and provides insight into the num-
ber of composite traits (i.e. phenotypic dimensions)
among which directional selection differs among
groups.

For non-linear selection, the „ matrix of quadratic
and correlational selection gradients provides an
estimate of the curvature of the fitness surface that
is independent of (i.e. uncorrelated with) its slope
(i.e. with ‚; Lande and Arnold 1983). It may there-
fore be possible to compare non-linear selection
among groups via an analogous approach to that
for linear selection, involving the construction of
an inter-group (co)variance matrix from the indi-
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vidual elements of „ within each population. Such
an approach has recently been used to character-
ize the among-population (co)variance structure of
genetic variance-covariance (i.e. G) matrices (Hine
et al. 2009). However, as far as we are aware this
has not been attempted with respect to variation in
non-linear selection among groups and is therefore
an important topic for future work.

Group space
Comparisons in group space follow the same basic
approach as those in trait space in that a symmet-
rical matrix is assembled and then its eigenstruc-
ture is determined. In this case, however, the rows
and columns of this g × g matrix correspond to
the g groups, with the individual elements repre-
senting the overall similarity of linear or non-linear
selection between a particular pair of groups. For
linear selection, the vector correlation, calculated as
the dot-product of the standardized ‚ vectors from
two groups, provides a straightforward, bounded
measure of the overall similarity between them in
the direction of linear selection on the entire suite
of traits, ranging from –1 (selection vectors oriented
180˚ from one another) to + 1 (coincident vectors),
with zero indicating orthogonal vectors. For non-
linear selection, the approach is potentially more
complex because a number of possible metrics exist
for comparing two matrices. For example, Arnold
et al. (2001) suggest the Flury (1988) hierarchy, a
commonly used approach for the comparison of G
matrices. However, this technique was originally
intended for product-moment matrices and may be
ill-suited for comparing „’s. A simpler geometric
approach, first developed by Krzanowski (1979),
may be appropriate however, in part because it
makes no restrictive assumptions about the matri-
ces being compared (Blows et al. 2004; Blows 2007).
This latter approach provides a single, bounded
measure of the similarity of two matrices by com-
paring the orientation of subspaces defined by a
subset (up to half) of the principal components
of each matrix. Details of this method are pro-
vided in Blows et al. (2004) and its application to
„ matrices in particular is described in Rundle et al.
(2008).

As with the approach within trait space, structure
of these among-group similarity matrices for lin-

ear and non-linear selection can be summarized via
diagonalization. The first eigenvector in this case
represents the dominant axis of among-group vari-
ation in linear or non-linear selection respectively.
For example, two populations with similar loadings
for this vector contribute to among group variance
in selection to a similar degree. The decline in eigen-
values indicates the extent to which among-group
variation in selection is dominated by a single type
of difference or multiple ones. The structure of
these similarity matrices can also be explored via
their association (e.g. matrix correlation) with spe-
cific model matrices specifying particular patterns
of variation (e.g. habitat types), with significance
assessed via a randomization procedure (e.g. Man-
tel’s test, see Rundle et al. 2008). Such an approach
could likewise apply to a trait space matrix (i.e. B),
although we are not aware of any published studies
that do so.

Finally, in a recent application of a group space
approach, Hohenlohe and Arnold (2010) developed
a maximum likelihood framework to determine the
dimensionality of a group space matrix constructed
from sexual isolation measures among populations
(as estimated from mating trials), with the goal of
inferring the number of independent traits under-
lying sexual isolation. Here, traits are unknown but
insight can be gained via the dimensionality of the
among-group similarity matrix that characterizes
the pattern of mating compatibilities. The extension
of this ML framework more generally to the prob-
lem of among-group differences in selection could
be a promising exercise.

9.3.3 Issues and caveats

The statistical comparison of fitness surfaces among
groups is an extension of the same model used
to estimate these surfaces within individual pop-
ulations and therefore shares all assumptions and
caveats with it (see section 9.2.4). Statistical power
may be an additional concern given the complexity
of the models being fit to the data and the practical
challenge of collecting sufficient data with which
to estimate individual fitness surfaces in multiple
groups. This may be particularly acute in the pres-
ence of correlational selection because a canonical
analysis cannot be used within each group (this
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would generate different traits among groups, pre-
venting their comparison). Among-group compar-
isons must therefore be performed within the origi-
nal trait space (or some consistent transformation of
it). Power may tend to be lower when the number
of groups is small and groups are treated as random
rather than fixed because the variance components
will be poorly estimated.

Estimates of selection are dependent on the phe-
notypic trait distributions (Lande and Arnold 1983;
Phillips and Arnold 1989), meaning that compar-
isons among groups are only biologically mean-
ingful when these distributions do not differ sub-
stantially, otherwise different parts of what could
be the same fitness surface are being estimated
within each group. Potential solutions for dealing
with such differences could include restricting com-
parisons to overlapping trait values or modifying
the trait distributions prior to estimating selection.
More generally, however, as with other multivariate
analyses, the independent variables (i.e. traits) in
the above models are assumed to follow a mul-
tivariate normal distribution. This assumption is
necessary because in most applications of selection
gradient analysis the predictors (traits) are random
rather than fixed variables. Making the assumption
of multivariate normality among all predictors and
response variables allows one to use the same, sim-
pler, regression equations that are suitable for fixed
predictors (Rencher 2002). Thus homogeneity of
phenotypic (co)variances (i.e. the P matrix) among
groups would therefore appear to be a necessary
assumption to proceed with among-group statisti-
cal comparisons. Although ensuring homogeneity
of P among groups may be challenging in some
cases, it may be relatively straightforward in others.
For example, in a comparison of female mate prefer-
ences for male pheromones among 12 populations
of Drosophila serrata, Rundle et al. (2009) ensured the
constancy of P among groups by presenting females
from every population with a choice among a stan-
dard set of males.

Another issue concerning phenotypic traits is
whether and how to standardize them prior
to undertaking among-group comparisons. The
choice of scale has been shown to have a large
influence on multivariate selection and quantita-
tive genetic analyses in general (Hansen and Houle
2008; Simonsen and Stinchcombe 2010) and this

may be particularly acute in among-group com-
parisons (e.g. because standardization may remove
among-group differences in trait means and vari-
ances). Although variance-standardized selection
gradients are commonly employed when compar-
ing selection, these may have some undesirable
properties in comparison with mean-standardized
gradients (Hereford et al. 2004). It is also possible
that the most appropriate approach with respect
to statistical vs. biological inference may not be
the same. The choice of standardization and the
scale at which it is applied (e.g. across vs. within
groups) is a complex topic that has not been suf-
ficiently addressed with respect to among-group
comparison.

Finally, it is important to note that the infer-
ence of among-group differences, whether fixed or
random, requires replication within groups. In the
absence of such replication (i.e. with only one fit-
ness surface estimated per group), sampling error
cannot be separated from group-effects because
there is no estimable within-group variation in
the selection gradients. In such a situation, the
application of the above methods can demonstrate
significant differences among samples but cannot
attribute such differences to a group effect per se.
For example, Chenoweth and Blows (2005) demon-
strated significant differences between two fitness
surfaces within a single population of D. serrata.
While these surfaces represented sexual selection
on contract pheromones in males and females
respectively, sex-differences were confounded with
sampling variation because only a single estimate
of the surface was made in each sex. The inference
of between-sex differences was only possible in a
later study (Rundle and Chenoweth 2011), in which
male and female fitness surfaces were estimated
in multiple replicate populations. Unfortunately,
when appropriate replication is performed, dealing
with it statistically may be challenging given the
complexity of the resulting models (e.g. replicates
represent random effects nested with the fixed or
random group effect).

9.4 Integrating multivariate selection
analyses with evolutionary genetics

While describing natural selection and how it
varies is an important endeavor in-and-of itself,
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a key strength of the quadratic approximation
approaches we have outlined and built upon
thus far is that the estimated parameters are
integrated with evolutionary quantitative genetic
theory, thereby permitting the data to be used
in further analyses. In this section, we outline
two areas where the integration of fitness surface
data with genetic analyses has been instrumen-
tal. In the first example, we show how a deeper
appreciation of how selection affects genetic vari-
ance for quantitative traits has been gained though
the consideration of multivariate linear and non-
linear selection. In the second example, we show
how estimates of multivariate selection taken from
sets of conspecific populations have been com-
bined with genetic (co)variance estimates to forge
a framework for understanding how variation in
selection drives phenotypic divergence in the face
of genetic constraints. Our central focus in these
examples is to demonstrate how a consideration
of the geometry of fitness surfaces, quantified as
linear and non-linear selection gradients via the
Lande and Arnold (1983) approach, has led to new
insights.

9.4.1 Model misspecification and the nature
of genetic variance under selection

The maintenance of genetic variation in quanti-
tative traits in the face of strong selection has
been an enduring problem for quantitative genet-
ics that remains unsolved to this day (Barton and
Turelli 1989; Barton and Keightley 2002). Mutation-
selection-balance models for the maintenance of
genetic variation envision standing variation as
reflecting mutation introducing new variants and
natural selection either fixing or removing them
(Bulmer 1989). A fundamental problem with such
models has been that the amount of standing
genetic variance observed vastly exceeds expecta-
tions given estimates of mutation and stabilizing
selection ( Johnson and Barton 2005). A requisite
assumption of such models is that selection, both
stabilizing and directional, reduces genetic vari-
ance. In the two cases we outline next, a com-
prehensive analysis of multivariate selection has
been instrumental in showing how selection shapes
standing genetic variation in general, and in sug-

gesting a potential resolution to the perceived prob-
lem of excess variation.

First, if stabilizing selection depletes genetic vari-
ance, a negative correlation should develop among
traits between the strength of stabilizing selec-
tion and the amount of genetic variance. Building
upon the finding of multivariate stabilizing selec-
tion on male cricket calls by Brooks et al. (2005) (see
Box 9.1), Hunt et al. (2007) performed a quantita-
tive genetic analysis of the same call traits using
a half-sib breeding design in this population. By
scoring the progeny for the traits defined by the
canonical axes of the fitness surface, they demon-
strated that the canonical axes experiencing the
strongest stabilizing selection had the lower addi-
tive genetic variance (Fig. 9.6a and b), whereas
those subject to weaker selection tended to have
more genetic variance (Fig. 9.6c and d). Although
apparent in a univariate consideration of the traits,
the observed relationship between the amount of
genetic variance and the strength of stabilizing
selection was far stronger for the canonical axes
of the fitness surface (Hunt et al. 2007), suggesting
that the traits defined by the canonical analysis may
have provided a more suitable model for captur-
ing the true targets of stabilizing selection than the
quadratic selection gradients estimated for the orig-
inal traits.

Second, in sexual selection research there has
been debate surrounding the maintenance of
genetic variance in male display traits. Because
these traits are often subject to persistent and rel-
atively strong directional selection through female
choice, they are expected to have low genetic vari-
ance. However, univariate genetic variances are
not unusually low for male display traits (Pomi-
ankowski and Moller 1995). This finding spawned
several theories for how genetic variance can
be maintained in such traits (Pomiankowski and
Moller 1995; Rowe and Houle 1996). An alterna-
tive view to this problem is simply that the tar-
gets of selection have not been accurately captured
via single trait analyses. For example, via multi-
variate analyses of sexual selection on male contact
pheromone displays in two species in the montium
subgroup of Drosophila, Blows and colleagues have
shown that little genetic variance is present along
the specific vector of directional selection (i.e. ‚),
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Figure 9.6 (See also Plate 2). Association between the strength of multivariate stabilizing selection and additive genetic variance for five call traits in the
black field cricket, T. commodus after Hunt et al. (2007). (a) A tighter clustering of breeding values was observed for traits canonical axes under stronger
stabilizing selection (b). (c) Contour plot showing predicted breeding values (BLUPs) for two canonical axes under weak non-linear selection (d).
Reproduced with permission from the Genetics Society of America.

and that the vast majority of it lies almost orthog-
onal to this (Blows et al. 2004; Hine et al. 2004;
Van Homrigh et al. 2007; Chenoweth et al. 2010).
This depletion of genetic variance in the direction
of selection is not evident, however, when analyses
are performed on single traits.

The described examples show how marginally
more sophisticated statistical analyses of
selection—multivariate vs. univariate or canonical
analysis of a multivariate model—has provided
novel insight into how selection may shape
standing genetic variance within populations.
More broadly, they illustrate how univariate
analyses of these problems entail a misspecification
of the model of selection, and how the multivariate

analyses may bring us closer to a more realistic
view of the true targets of selection.

9.4.2 The contribution of selection and
genetic constraints to adaptive divergence

Divergent selection is a central element to many
issues in evolutionary biology including the origin
of phenotypic diversity and new species (Schluter
2000). However, because divergence in multiple
traits need not always proceed in the direction
favored by selection (Lande 1979), of particu-
lar interest has been understanding the extent to
which patterns of phenotypic divergence between
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populations and closely related species reflect
past selection, a compromise between divergent
selection and genetic constraints, or genetic drift
(Schluter 1996; McGuigan et al. 2005). In particular,
comparisons of the direction of phenotypic diver-
gence among populations with axes of genetic vari-
ance available within populations, have found that
divergence often closely aligns with the major axes
of additive genetic variance (Mitchell-Olds 1996;
Schluter 1996). This suggests that either drift dom-
inates selection or that genetic constraints com-
monly bias the response to natural selection along
lines of greatest genetic variance. However, in some
cases, divergence appears poorly aligned with these
major axes of genetic variation, suggesting that nat-
ural selection has been able to overcome genetic
constraints (McGuigan et al. 2005).

A major limitation of such comparative
approaches is the potential confounding of genetic
drift and selection as causes of any association
between axes of genetic variance and divergence
(Phillips et al. 2001). Under genetic drift, the pattern
of phenotypic divergence among populations is
expected to be proportional to the level of genetic
variance (Lande 1979), and any association between
the major axes of genetic variance and divergence
may therefore be the product of neutral divergence.
Further, as selection itself is unmeasured, variation
in selection is inferred from the direction of
divergence itself, making it difficult to isolate the
impact of genetic constraints. However, Lande
(1979) showed through the multivariate version of
the breeders’ equation, �z = G‚, how the response
to selection of a multivariate phenotype (�z) is
biased away from the direction of selection (‚) by
the pattern of genetic variances and covariances
among traits (G). Thus, if both of these could
be measured for a set of populations, the direct
contribution of constraints and selection to
divergence could be isolated.

Building upon a theoretical framework orig-
inally developed by Zeng (1988) and indepen-
dently derived by Hansen and Martins (1996) and
Felsenstein (1988), Chenoweth et al. (2010) showed
how estimates of both G and ‚ from multiple
populations experiencing divergent selection can be
integrated to estimate the extent to which popu-
lation divergence has been driven by variation in

selection, genetic constraints or both. The approach
involves expressing the pattern of mean trait diver-
gence among populations in the form of a covari-
ance matrix (termed D, Lande 1979) and then the
relative contributions of among-population varia-
tion in selection (as described by the B matrix)
and genetic constraints (as described by G) can be
evaluated via their association with D. In addition,
by calculating two among population variance-
covariance matrices from the predicted response
to selection using the multivariate breeders’ equa-
tion (one that assumes uniform genetic constraints
across populations and another that allows the
genetic constraints themselves to differ), the contri-
bution of divergence in genetic constraints can be
evaluated. Applying this approach to nine popu-
lations of D. serrata, Chenoweth et al. (2010) esti-
mated both directional sexual selection, ‚, and G
for eight contact pheromones (cuticular hydrocar-
bons). These pheromones had diverged among the
populations in mean in a manner that could not
be accounted for by genetic drift alone (Chenoweth
and Blows 2008), implicating divergent selection.
The authors found that spatial variation in sex-
ual selection alone was a poor predictor of diver-
gence, accounting for only 10% of the similarity in
D. However, when genetic constraints were explic-
itly incorporated into the prediction, the association
improved significantly to 51%. Allowing genetic
constraints to vary among populations provided
little additional explanatory power, suggesting that
trait means have diverged more rapidly than their
genetic (co)covariance structure (or that divergence
in the latter mirrors the pattern of trait means,
Hine et al. 2009). The key point is that a multivari-
ate treatment of selection and genetic constraints
among populations can be integrated to begin to
bridge microevolutionary theory for the response to
selection with patterns of phenotypic divergence.

Although it was possible to explain up to 51% of
the phenotypic divergence among populations as a
consequence of both sexual selection and the pat-
tern of genetic covariance between the traits, varia-
tion in natural selection may account for additional
divergence. In particular, insect cuticular hydrocar-
bons serve not only as contact pheromones but are
also involved in ecologically important functions
such as maintaining water balance. Clinal variation
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in abiotic factors such as temperature and humid-
ity likely contribute to among population diver-
gence in CHCs (Frentiu and Chenoweth 2010) and
accounting for this could strengthen the associa-
tion between selection and divergence. In addi-
tion, as with all retrospective selection analyses,
genetic covariances and selection were estimated
from contemporary populations; if these have var-
ied temporally during evolutionary divergence, this
will weaken the association between selection and
divergence.

9.5 Future directions

Lande and Arnold’s (1983) approximation of the
individual fitness surface has facilitated signifi-
cant insight into the nature of phenotypic selection
(Hoekstra et al. 2001; Kingsolver et al. 2001). How-
ever, our coverage here has revealed some areas
where further development is needed. A consistent
criticism leveled at the quadratic approximation has
been that it forces either a linear or quadratic fit to
the data such that the gradients may misrepresent
the true fitness surface if it is more complex.
This may occur when fitness deviates significantly
from a Gaussian distribution (Mitchell-olds and
Shaw 1987), when there are multiple fitness peaks
(Schluter 1988), and when the population mean
resides a long way from the optimum (Shaw and
Geyer 2010). While fitness surface visualizations
have been seen as one way to address this (see
section 9.2.4; Schluter and Nychka 1994; Schluter
1998), Shaw and colleagues have developed a new
class of “aster” models that incorporate both het-
erogeneous distributions of fitness components and
the operation of selection throughout the life his-
tory (Geyer et al. 2007; Shaw et al. 2008; Shaw
and Geyer 2010). Unlike many previous alterna-
tives to the quadratic approximation, it is possi-
ble to obtain estimates of selection gradients from
aster models that are suitable for microevolution-
ary prediction. Insufficient attention has also been
given to alternative approaches that may be able
to accommodate complex surfaces within the con-
text of a quadratic approximation. For example,
mixture models, a generic class of statistical model
that can deal with observations from a mixture of
distinct but unknown groups (McLachlan and Peel

2000), could potentially be applied to model an
unknown mixture of quadratic relationships within
a data set.

Comparison of selection between groups is an
area where much work remains to be done—some
of the more complex analyses we have shown
here still require further development. In partic-
ular, we should pay careful attention to estimat-
ing the sampling variances on the parameters of
interest. For example, for higher dimensional prob-
lems, individual elements of matrices are likely
of little informative value; hypothesis tests should
focus on the summaries of these such as eigenval-
ues and vectors. Nevertheless, an inherent advan-
tage of the Lande and Arnold (1983) least-squares
approach is that such comparison can be done
within a rigorous statistical framework. The like-
lihood approaches developed by Hohenlohe and
Arnold (2010) represent a step forward in this
regard. In the end, perhaps the greatest reason
for pursuing this approach is that it allows inte-
gration with quantitative genetic theory, providing
the opportunity to extend analyses from a sim-
ple description of selection and how it differs to
addressing evolutionary genetic hypotheses such
as the maintenance of genetic variance and the
processes underlying phenotypic divergence. Such
analyses are data intensive, however, and we urge
the continued development of systems in which
the dual study of quantitative genetic variation and
multivariate selection is feasible. Finally, although
multivariate approaches to the analysis of selec-
tion are an improvement, they are by no means
a panacea, and they remain sensitive to the criti-
cal problem in any correlational selection analysis
that arises from unmeasured traits. When selection
is directly occurring on an unmeasured but phe-
notypically (or genetically) correlated trait that is
not included in a multivariate model, the selection
observed is termed “apparent.” The observation
of widespread pleiotropy underlying quantitative
trait variation implies that apparent selection may
be more the norm rather than the exception in these
types of studies (Johnson and Barton 2005). Indeed
Hansen (Chapter 13) suggests that this could be
a major component of observed univariate selec-
tion. Understanding the extent to which observed
phenotypic selection reflects real versus apparent
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selection is perhaps the major challenge for future
study of selection (Takana 2010). Recently, empiri-
cal approaches to do so have emerged (McGuigan
et al. 2011); paradoxically some of these techniques
share a great deal with the Lande and Arnold (1983)
approach.
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